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B & I: Robust framework

INPUTS:

e Beliefs and Information:
Prices of risky assets (underlying and some options) (S)i<T,
i=0,1,...,|K| belong to some path space 3 C Z. This encodes

e Information (Z): e.g. today's prices, future payoff restrictions.
e Beliefs (3): about feasible future prices

Options X € X, with known prices P(X)

e Rules: no frictions,
dynamic trading in underlying plus selected options
trading restrictions on X, e.g. buy-and-hold only

REASONING PRINCIPLES:

OUTPUTS:



Robust framework — theory

B & I: Robust framework

INPUTS:

e Beliefs and Information:
Prices of risky assets (underlying and some options) (S)i<T,
i=0,1,...,|K| belong to some path space 3 C Z. This encodes

e Information (Z): e.g. today's prices, future payoff restrictions.
e Beliefs (3): about feasible future prices

Options X € X, with known prices P(X)

e Rules: no frictions,
dynamic trading in underlying plus selected options
trading restrictions on X, e.g. buy-and-hold only

REASONING PRINCIPLES:
® no-arbitrage <= exists a 3—market model <= efficient beliefs

OUTPUTS:



Robust framework — theory
©00000000

B & I: Robust framework

INPUTS:

e Beliefs and Information:
Prices of risky assets (underlying and some options) (Si)i<T,
i=0,1,...,|K| belong to some path space 3 C Z. This encodes

e Information (Z): e.g. today's prices, future payoff restrictions.
e Beliefs (3): about feasible future prices

Options X € X, with known prices P(X)

e Rules: no frictions,
dynamic trading in underlying plus selected options
trading restrictions on X, e.g. buy-and-hold only

REASONING PRINCIPLES:

® no-arbitrage <= exists a \3—market model <= efficient beliefs

OuTPUTS:
e no arbitrage prices of G < LB < Price(G) < UB
e P-H duality: sup E[G] = inf{superhedging cost}

P-market models
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An active field of research...
Explicit bounds LB < POt < UB and robust super-/sub- hedges in:
Hobson (98); Brown, Hobson and Rogers (01), Dupire (05), Lee (07),

Cox, Hobson and O. (08), Cox and O. (11,11), Cox and Wang (12),
Hobson and Klimmek (12,13), Galichon et al. (14), O. and Spoida (14),...

Arbitrage considerations and robust FTAP in:

Davis and Hobson (07), Cox and O. (11,11) and Davis, O. and Raval
(13), Acciaio et al. (13), Bouchard and Nutz (14), Burzoni, Frittelli and
Maggis (14), and ongoing ...

Pricing-hedging duality in:

Davis, O. and Raval (13), Beiglbock, Henry-Labordére and Penkner (13),
Neufeld and Nutz (13), Dolinsky and Soner (13), Tan and Touzi (13),

Galichon et al. (14), Bouchard and Nutz (14), Possamai et al. (14),
Fahim and Huang (14), Cox, Hou and O. (14), and ongoing...

Pathspace restrictions 3 ¢ €Q:

Mykland (01,05), O. and Spoida (14), Hou and O. (14), Nadtochiy and
0. (14), ...
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The proposed framework
“Universally acceptable” starting point:

e no frictions

e risky assets: d stocks & N, European options with information
T:={we C([0, TRy :wo = 1,0 = k(... ) Vi < d}

e traded continuously using
A :{A : T x [0, T] = R¥N simple (or of f.v.),/ Ay(w)dw, > —M
0
for some M and A(w) = A(w’) for wjp,g = w|’[07t]}

e options X € X available for static trading, with prices P(X).

Superhedging price: Vz x p(G) :=

K K T
inf {Z aP(X;): A € A X € X st Y aiXi(w) +/ Acdw; > G(w) Yw € z}
i=0 0

i=0
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T:={we C([0, TRy :wo = 1,0 = k(... ) Vi < d}

e traded continuously using
A :{A : T x [0, T] = R¥N simple (or of f.v.),/ Ay(w)dw, > —M
0
for some M and A(w) = A(w’) for wjp,g = w|’[07t]}

e options X € X available for static trading, with prices P(X).

Beliefs: The pathspace (or prediction set) B C Z.
Superhedging price: Vip x p(G) :=

K K T
inf {Z aP(X;): A € A X € X st Y aiXi(w) +/ Acdw; > G(w) Yw € qs}
i=0 0

i=0



Robust framework — theory
000®00000

The proposed framework
Probabilistic objects:

e a (X, P,B)-model (or market model) is a martingale measure P on
T such that P(B) = 1 and EF[X] = P(X) VX € X.

e Relaxation: a (X, P,B,n)-model (or n-market model) is a
martingale measure P on Z such that P(%3"7) > 1 — 7 and
|EF[X] — P(X)| <n VX € X, where
P i={w el infiep|w—v| <nl
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The proposed framework
Probabilistic objects:

e a (X, P,B)-model (or market model) is a martingale measure P on
T such that P(B) = 1 and EF[X] = P(X) VX € X.

e Relaxation: a (X, P,B,n)-model (or n-market model) is a
martingale measure P on Z such that P(%3"7) > 1 — 7 and
|EF[X] — P(X)| <n VX € X, where
P i={w el infiep|w—v| <nl

Pricing—Hedging relation: for G : Z — R and a super-replicating strategy

K
Z aiXi(w / Ardwe| =) aP(X
i=0

and hence (Full Duallty:)

EF[G(w)] < EF

?
Px pg(G) = sup E*[G] = Vx.p5(G).
P:(X,P,B)-model

Similarly (Approximate Duality:)

IBXAP.Q(G) = lim sup EP[G] ; [im Vx.p,an(G) = vqug(G)
o INO P ¥ ) model n\0 ' '
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Examples

Dolinsky and Soner (13)/Martingale optimal transport:
Take d =1, N=0so that Z = {w € C([0, T],Ry) : wo = 1} and
X ={(wr — K)*/C(K): K>0}. Then

sup EF[G] = Vz(G) V bd and unif. cont.G.
P:(X,P,Z)-model

(X, P,Z)-models are martingale measures with wt ~ u, as



Robust framework — theory
000000000

Examples

Dolinsky and Soner (13)/Martingale optimal transport:
Take d =1, N=0so that Z = {w € C([0, T],Ry) : wo = 1} and
X ={(wr — K)*/C(K): K>0}. Then

sup EF[G] = Vz(G) V bd and unif. cont.G.
P:(X,P,Z)-model

(X, P,Z)-models are martingale measures with wt ~ u, as

(X,P,T)-model = Eg[(ST — K)*] = C(K), VK
= St ~q p, where p(dK) := C"(dK)
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Pricing-hedging duality (without beliefs)

Setup:
e risky assets: d stocks and N, options traded continuously
o Ng+ N, options in X for static trading

Assumptions:
e all payoffs are bounded and uniformly continuous

o there exists an (X, P, T)-model for every P such that
|P(X) —P(X)| <nVX e X when 7 is small
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Pricing-hedging duality (without beliefs)

Setup:
e risky assets: d stocks and N, options traded continuously
o Ng+ N, options in X for static trading

Assumptions:
e all payoffs are bounded and uniformly continuous

o there exists an (X, P, T)-model for every P such that
|P(X) —P(X)| <nVX e X when 7 is small

Theorem

For any bounded uniformly continuous G : 7 — R

Vx,pz(G) = Pxpz(G) = sup  E"[G]
P:(X,P,Z)-model
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Pricing-hedging duality (with beliefs)
Setup:
e risky assets as before
e beliefs given via B C T
Assumptions:
e all payoffs are bounded and uniformly continuous
e Liny(X):= {ao + 3T aXi - meN, Xie X, Y0 |ai] < 1} is a
compact subset of C(Z,R)
e for all n > 0 there exists a (X, P, P, n)-model
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Pricing-hedging duality (with beliefs)
Setup:
e risky assets as before
e beliefs given via P C 7
Assumptions:
e all payoffs are bounded and uniformly continuous
e Liny(X):= {ao + 3T aXi - meN, Xie X, Y0 |ai] < 1} is a
compact subset of C(Z,R)
e for all n > 0 there exists a (X, P, P, n)-model

Theorem

For any bounded uniformly continuous G : Z — R

\7_)(773313(6‘) = ,5)(’73;;3((;) = lim sup EP[G],
INOP(x P B m)-model

where \~/X7’p,q3(G) = inf{superhedging cost of G on PB" for some n}.
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(MOT) Pricing-hedging duality (with beliefs)
Setup:
e d stocks trade continuously (N, = 0)
e X = call options with n maturities and all strike trade statically
e beliefs given via P C Z
Assumptions:
e for all i there exists a martingale measure P € M; g ,, s.t. P

e reprices calls with maturity T,
e 7-reprices calls with maturity T;, i < n, and

e P(P") >1-19
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(MOT) Pricing-hedging duality (with beliefs)
Setup:
e d stocks trade continuously (N, = 0)
e X = call options with n maturities and all strike trade statically
e beliefs given via P C Z
Assumptions:
e for all i there exists a martingale measure P € M; g ,, s.t. P

e reprices calls with maturity T,
e 7-reprices calls with maturity T;, i < n, and

e P(P") >1-19

For any bounded uniformly continuous G : Z — R

Ve p3(G) = lim,__ sup E*[G].
P,
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